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Abstrat
We investigate AdS/QCD duality for the two-point orrelation funtion of the lowest dimension
salar glueball operator, in the ase of the IR soft wall model. We point out the role of the boundary
onditions for the bulk-to-boundary propagator in determining the gluon ondensates. We show
how a low energy QCD theorem an be obtained within the AdS approah, together with a gluon
ondensate lose to the ommonly aepted value and robust against perturbation of the bakground
dilaton eld.
PACS numbers: 11.25.Tq, 12.39.Mk,12.90.+b
I. INTRODUCTION
The idea that an analyti approah to QCD in the strong oupling regime is a viable
possibility has reently reeived support from the reognition that the AdS/CFT orrespon-
dene onjeture [13℄ ould be applied to QCD-like gauge theories [4℄. In the AdS/CFT
onjeture, a orrespondene is supposed to exist between the supergravity limit of a Su-
perstring/M theory dened in a AdSd × SD−d holographi spae of total dimension D and
the large N limit of a maximally superonformal SU(N) YM theory living on the boundary
∂AdSd−1 of dimension d − 1. Therefore QCD, being neither supersymmetri nor onfor-
mal, is dierent from the YM theories to whih the AdS/CFT orrespondene onjeture
is applied; however, in the regime where its oupling is nearly onstant and where other
sales suh as the quark masses an be negleted, it an be onsidered as an approximately
onformal eld theory dened on the boundary of an AdS-like holographi spae. However,
sine onnement breaks onformal invariane, the AdS geometry needs, at least, to be
modied to aount for suh a phenomenon. Indeed, various models have been proposed,
namely introduing a maximum value (IR hard wall) of the dth holographi oordinate of
the AdSd spae interpreted as an energy sale (the IR hard wall model [5, 6℄), or onsidering
an IR soft wall desribed by a bakground dilaton eld (the IR soft wall model [7, 8℄). In
both ases, a mass sale of the order ΛQCD is introdued and the onformal invariane is
broken. With suh modiations of the AdS spae, studies have been arried out in order
to hek whether properties of QCD are reprodued in the AdS desription; in partiular,
the meson spetrosopy and the problem of hiral symmetry breaking have been onsidered,
following a proedure whih is usually denoted as the bottom-up approah to the AdS/QCD
orrespondene [916℄.
The glueball setor is one of the rst issues investigated through the AdS/QCD orre-
spondene hypothesis, but mainly in the (so-alled top-down) approah whih attempts to
extend the AdS/CFT duality to QCD-like gauge theories starting from a theory in a high
dimensional spae and breaking the onformal invariane and the supersymmetry, respe-
tively, by ompatiation and by appropriate boundary onditions on the ompatied
dimensions [4℄. In this way QCD is reovered as a 4D realization of a theory in higher di-
mensions, and salar and tensor glueballs have been investigated in this framework [1725℄.
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On the other hand, glueballs have also been studied in the bottom-up approah [2628℄.
The spetra of salar and vetor glueballs in the IR soft wall model have been determined,
nding that they follow a linear Regge behaviour; moreover, the eets produed modifying
the AdS geometry or the dilaton prole in the IR have also been investigated, obtaining that
perturbations inuene in dierent ways the salar and vetor glueball masses [29℄.
Further information an be obtained from the analysis of the orrelation funtion, as
done e.g. in [8, 30℄ in the meson ase. In the present work, we are interested in investigating
how the AdS/QCD orrespondene is realized for the two-point orrelation funtions of
salar glueball operators. Similar analyses have been reently presented [31, 32℄, but our
onlusions are dierent, mainly as far as the values of the gluon ondensates are onerned,
together with their relation to the boundary onditions imposed in the holographi spae.
The plan of the paper is the following. In Setion II, we study the two-point orrelation
funtions of the lowest dimension QCD operator desribing the salar glueballs, showing how
the ondensates are related to the bulk-to-boundary propagator dened in the holographi
spae. In Setion III, we fous on the dimension four gluon ondensate derived from an
AdS/CFT argument worked out by Klebanov and Witten; this argument onsists in relating
the ondensate to the expansion near the UV brane of the eld holographially dual to
the salar glueball operator. In Setion IV, we investigate how the orrelation funtion is
modied if the bakground dilaton eld is perturbed, and the way the gluon ondensate
depends on suh a perturbation. At the end, we present our onlusion.
II. ADS/QCD DUALITY IN THE GLUEBALL SECTOR
We onsider a ve dimensional onformally at spaetime (the bulk) desribed by the
metri:
gMN = e
2A(z)ηMN
ds2 = e2A(z)(ηµνdx
µdxν + dz2) (II.1)
with xM = (xµ, z) and ηMN = diag(−1, 1, 1, 1, 1). The oordinates xµ (µ = 0, . . . 3) are the
usual four dimensional spae-time (the boundary) oordinates, while z is the fth holographi
2
oordinate running from zero to innity. The metri funtion A(z) satises the ondition:
A(z) →
z→0
ln
(
R
z
)
(II.2)
to reprodue the AdS5 metri lose to the UV brane z → 0; R is the anti-de Sitter radius.
We adopt the simplest hoie ompatible with this onstraint:
A(z) = ln
(
R
z
)
. (II.3)
In order to softly break the onformal invariane, we onsider a bakground dilaton eld
φ(z) whih only depends on the holographi oordinate z and vanishes at the UV brane.
The large z dependene of this eld:
φ(z) →
z→∞
z2 (II.4)
is hosen to reprodue the linear Regge behaviour of the low-lying mesons [8℄. The simplest
hoie ompatible with the two onstraints is
φ(z) = c2z2 (II.5)
and involves the dimensionful parameter c whih sets the sale of QCD quantities, suh as
the hadron masses.
In order to investigate the glueball setor of QCD, we onsider the lowest dimension QCD
operator having the salar glueball quantum numbers: OS = β(αs)F aµν F µν a (a = 1, . . . 8 a
olor index) with JPC = 0++ and onformal dimension ∆ = 4; β(αs) is the Callan-Symanzik
funtion. This operator is dened in the eld theory living on the 4d boundary. Aording
to the AdS/CFT orrespondene, the onformal dimension of a (p-form) operator on the
boundary is related to the (AdS mass)2 of the dual eld in the bulk by the relation [2℄:
(AdS mass)2R2 = (∆− p)(∆ + p− 4) . (II.6)
We assume that the mass m25 of the salar bulk eld X(x, z) onstruted as the holographi
orrespondent of the operator OS is given by this expression. It is desribed by the ation
with the gravity and the dilaton bakground:
Seff5d = −
1
2 k
∫
d5x
√−g e−φ(z) gMN(∂MX)(∂NX) (II.7)
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with g = det(gMN) and k a dimensionful parameter. As disussed in [29℄, salar glueball
states an be identied as the normalizable modes of X(x, z) satisfying the equations of
motion obtained from (II.7), and their mass spetrum an be obtained onsequently.
In the following, we onsider the two-point orrelation funtion of the QCD operator OS:
ΠQCD(q
2) = i
∫
d4x eiq·x〈0|T [OS(x)OS(0)]|0〉 . (II.8)
In QCD, the short-distane expansion of this orrelation funtion (obtained in our metri
for q2 > 0), writing β(αs) = β1
(
αs
π
)
+ β2
(
αs
π
)2
+ . . . and keeping the rst term with
β1 = −116 Nc+ 13nF (Nc and nF are, respetively, the number of olors and of ative avours;
we use nF = 0), an be expressed in terms of a perturbative ontribution and a series of
power orretions; the result, whih inludes the leading order perturbative term and the
power orretions up to 1/q4, reads as [3337℄:
ΠQCD(q
2) = C0 q
4
(
− ln ( q2
ν2
)
+ 2− 1
ε′
)
+ C4〈O4〉+ C6
q2
〈O6〉+ C8
q4
〈O8〉 , (II.9)
ν being a renormalization sale. Eq. (II.9) involves the oeients:
C0 = 2
(
β1
π
)2(
αs
π
)2
C4 = 4β
2
1
(αs
π
)
(II.10)
C6 = 8β
2
1
(αs
π
)2
C8 = 8π
(β1
π
)2
α3s
and the QCD ondensates of dimension four, six and eight, respetively:
〈O4〉 = 〈αs
π
F aµν F
µνa〉
〈O6〉 = 〈gsfabc F aµν F bνρ F cρµ〉 (II.11)
〈O8〉 = 14〈
(
fabc F
a
µα F
b
να
)2
〉 − 〈
(
fabc F
a
µν F
b
αβ
)2
〉 .
In addition to the short-distane expansion (in whih, however, possible instanton on-
tributions have not been onsidered), a Low Energy Theorem is known for the orrelation
funtion (II.8) [33, 34℄:
ΠQCD(0) = −16β1〈O4〉 , (II.12)
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a theorem relating the value of the orrelation funtion at zero momentum to the dimension
four gluon ondensate.
Within the AdS/CFT orrespondene, the orrelation funtion (II.8) an be omputed
using the equivalene between the generating funtional of the onneted orrelators in the
4d theory and the eetive ation in the 5d bulk theory. The onjeture is [2, 3℄:〈
ei
R
d4x X0(x)OS(x)
〉
CFT
= eiS
eff
5d
[X(x,z)]
(II.13)
where Seff5d [X(x, z)] is the eetive (lassial) ation (II.7) of the salar bulk eld X(x, z)
dual to the operator OS(x), for whih X0(x) is the soure dened on the boundary. The
relation between the eld X(x, z) and its boundary value X0(x) is implemented by dening
the bulk-to-boundary propagator K:
X(x, z) =
∫
d4x′K(x− x′; z, 0)X0(x′) . (II.14)
To ahieve the ondition X(x, z) −−→
z→0
X0(x), the bulk-to-boundary propagator K must
redue to a delta funtion on the boundary:
K(x− x′; z, 0) −−→
z→0
δ4(x− x′) . (II.15)
In the Fourier spae, the onvolution (II.14) is replaed by
X˜(q, z) = K˜(q2, z) X˜0(q) (II.16)
and involves the 4d Fourier transforms (with respet to xµ) X˜ , X˜0 and K˜ of X , X0 and K,
respetively.
Furthermore, an AdS/CFT presription also requires the vanishing of the bulk-to-
boundary propagator in the deep IR region:
K(x− x′; z, 0) −−−→
z→∞
0 ; (II.17)
we disuss this IR boundary ondition in the following.
The equation of motion for the eld X(x, z) obtained from the ation (II.7) is:
ηMN∂M
[
e−B(z) ∂NX(x, z)
]
= 0 (II.18)
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where B(z) is a ombination of the metri funtion A(z) and of the dilaton bakground eld
φ(z): B(z) = φ(z) − 3A(z). It an be written as an equation for the Fourier transform of
the bulk-to-boundary propagator K˜(q2, z):
eB(z)∂z
[
e−B(z)∂zK˜(q
2, z)
]
− q2K˜(q2, z) = 0 . (II.19)
From now on, we use the dimensionless variable zˆ = cz. The general solution of this equation
an be written as:
K˜
(q2
c2
, zˆ2
)
= A˜ K˜1
(q2
c2
, zˆ2
)
+ B˜ K˜2
(q2
c2
, zˆ2
)
; (II.20)
A˜ and B˜, onstants with respet to zˆ, depend in general on q2/c2. In order to determine
the two independent solutions K˜1,2, it is onvenient to solve the equation for the Bogoliubov
transform of K˜:
Y˜ = e−B(zˆ)/2K˜ ; (II.21)
one obtains a one-dimensional Shrödinger-like equation [29℄:
−Y˜ ′′
(q2
c2
, zˆ2
)
+ V (zˆ)Y˜
(q2
c2
, zˆ2
)
= 0 (II.22)
where the derivatives at on zˆ and the potential is:
V (zˆ) = zˆ2 +
15
4zˆ2
+ 2 +
q2
c2
. (II.23)
Two independent solutions K˜1 and K˜2 of (II.22) are:
K˜1
(q2
c2
, zˆ2
)
= U
(
q2
4c2
,−1, zˆ2
)
(II.24)
with U the Triomi onuent hypergeometri funtion, and
K˜2
(q2
c2
, zˆ2
)
= L
(
− q
2
4c2
,−2, zˆ2
)
(II.25)
where L is the generalized Laguerre funtion. The funtion K˜2 vanishes as zˆ
4
when zˆ → 0,
while K˜1 has a nite value in this limit: the UV boundary ondition (II.15) imposes that
A˜ = Γ(2 + q
2
4c2
) in (II.20), so that the behaviour
K˜
(q2
c2
, zˆ2
)
−−→
zˆ→0
1 (II.26)
is reovered for any value of q2. The low-z expansion of K˜ reads:
K˜(q2) = 1− q
2z2
4
+
1
64
[
32B˜ c4 − (4γE − 3) q2(q2 + 4c2)
−2q2(q2 + 4c2) ln(c2z2)− 2q2(q2 + 4c2)ψ(2 + q
2
4c2
)
]
z4 +O(z6) .
(II.27)
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On the other hand, the behaviour at innity of K˜1 and K˜2 in (II.24) and (II.25) is very dier-
ent. For q2 < 0 K˜1 diverges when zˆ →∞, while it goes to zero for spae-like four-momenta.
K˜2 has a strong divergene in the IR for any value of q
2
. A possible IR boundary ondition
in the soft wall model is that the eetive ation is nite in this region [8℄. Aording to
this presription, K˜2 should be disarded in the alulation of (II.13) (that is, B˜ = 0 in
(II.20)). However, as we disuss below, this requirement seems to produe inonsistenies
in the two-point orrelation funtion; therefore, it is worth investigating the possible role of
ontributions (when z → 0) brought by K˜2 to the AdS version of the orrelation funtion.
This means that the eetive ation in the bulk requires a regularization in the IR.
We evaluate the orrelator following the AdS/CFT orrespondene relation (II.13), whih
implies [3845℄:
i
∫
d4x eiq·x
(−i)2δ2
δX0(x)δX0(0)
〈
ei
R
d4x′ X0(x′)OS(x
′)
〉
CFT
∣∣∣
X0=0
= i
∫
d4x eiq·x
(−i)2iδ2Seff5d
δX0(x)δX0(0)
∣∣∣
X0=0
.
(II.28)
Deriving twie eq.(II.13), we obtain in terms of the variable zˆ:
ΠAdS(q
2) = −
(R3
2 k
)
c4
∫
d4q′ δ4(q + q′)
e−zˆ
2
zˆ3
[
K˜
(q′ 2
c2
, zˆ2
)
∂zˆK˜
(q2
c2
, zˆ2
)
+ K˜
(q2
c2
, zˆ2
)
∂zˆK˜
(q′ 2
c2
, zˆ2
)]∣∣∣∣zˆ→∞
zˆ→0
(II.29)
so that the integration over q′ gives the AdS representation of two-point orrelation funtion
in terms of the bulk-to-boundary propagator:
ΠAdS(q
2) = −R
3
k
c4K˜
(q2
c2
, zˆ2
)e−zˆ2
zˆ3
∂zˆK˜
(q2
c2
, zˆ2
)∣∣∣∣zˆ→∞
zˆ→0
. (II.30)
Using the solution (II.20) the expression (II.30) is singular both in the UV and in the IR. A
regularization presription onsists in onsidering a new eetive ation:
Seffreg. = S
eff
5d − Seffc.t.
∣∣∣
z=ǫ
− Seffc.t.
∣∣∣
z=Λ
(II.31)
where the two terms are introdued to subtrat the UV (when z = ǫ → 0) and IR (when
z = Λ → ∞) divergenes; the rst one is the usual term onsidered in the AdS/CFT
proedure, while the seond one denes the IR soft wall model: it involves B˜, and vanishes
7
when B˜ = 0 as in the usual proedure. The expression of the two-point orrelation funtion
reads now:
ΠAdS(q
2) =
R3
8k
{
2B˜ c4 − q2(q2 + 4c2)
(
ln(c2ǫ2) + ψ
(
2 +
q2
4c2
)
+ γE − 3
)}
(II.32)
where ψ(x) is the Euler funtion, the logarithmi derivative of Γ. This AdS representation
of the two-point orrelation funtion(II.8) should math the QCD result.
Let us onsider the short-distane regime. Expanding (II.32) for q2 → +∞:
ΠregAdS(q
2) =
R3
k
{
q4 · 1
8
[
2− 2γE + ln 4− ln(q2ǫ2)
]
+q2
[
c2
2
ln(q2ǫ2) +
c2
4
(1− 4γE + 2 ln 4)
]
+ (II.33)
+
c4
6
(12B˜ − 5) + 2c
6
3
1
q2
− 4c
8
15
1
q4
+O
(
1
q6
)}
,
and identifying ǫ with the renormalization sale ν−1 (as in [46℄, sine holography is related
to the renormalization group [47, 48℄), we obtain:
ΠAdS(q
2) =
R3
k
{
q4 · 1
8
[
2− 2γE + ln 4− ln( q
2
ν2
)
]
+q2
[
−c
2
2
ln(
q2
ν2
) +
c2
4
(1− 4γE + 2 ln 4)
]
+ (II.34)
+
c4
6
(12B˜ − 5) + 2c
6
3
1
q2
− 4c
8
15
1
q4
+O
(
1
q6
)}
.
We an now ompare the QCD (II.9) and the AdS (II.34) expressions: if any mismath
ours, duality is violated. Identifying the q4 ln(q2) terms in (II.9) and (II.34) we get a
ondition whih xes the k parameter in the ation (II.7):
k =
π4
16α2sβ
2
1
R3 . (II.35)
This ondition does not involve the parameter c, related to the dilaton bakground, but is
only onneted to the AdS struture of the holographi spae-time lose to the UV boundary.
The other terms in the power expansion of the two-point orrelation funtion involve the
various gluon ondensates and deserve disussion. Without the ontribution of K˜2 (i.e. for
B˜ = 0), the dimension four gluon ondensate obtained omparing (II.9) and (II.34), is given
by:
〈αs
π
F 2〉 = −10αs
3π3
c4 ; (II.36)
8
it turns out to be negative, as also observed in [31℄. A negative value is not ompatible with
urrent determinations of this QCD quantity [4951℄. Moreover, it would be inonsistent
with a positive value obtained analyzing the two-point orrelation funtion of vetor opera-
tors [32℄, and with a determination based on omputing the Wilson loop in the AdS/QCD
approah in whih the value 〈αs
π
F 2〉 = 0.010 ± 0.0023 GeV4 was found [52℄. In both the
alulations, a dilaton bakground eld was hosen to break the onformal invariane, i.e.
the IR soft wall model was used.
Another observation onerns the two-point orrelation funtion at zero momentum.
From (II.32) we obtain if B˜ = 0:
ΠAdS(0) = 0 , (II.37)
while the Low Energy Theorem (II.12) relates ΠQCD(0) to the dimension four gluon onden-
sate. These shortomings ould ast doubts on the approah based on the IR soft wall model.
However, they an be removed if the ontribution of the solution K˜2 in (II.20) is taken into
aount in the determination of the AdS version of the two-point orrelation funtion: if we
allow K˜2 to ontribute to the orrelation funtion, it seems possible to reover AdS/QCD
duality.
Let us disuss this point. The oeient funtion B˜( q
2
c2
) is undetermined at this stage.
In general, B˜( q
2
c2
) an be any funtion of the dimensionless ratio q2/c2. If B˜( q
2
c2
) is a funtion
having the polynomial behaviour at large spae-like q2, namely:
B˜
(
q2
c2
)
−−−−→
q2→+∞
η1
q2
c2
+ η0 , (II.38)
its parameters an be xed by mathing the AdS expression of the two-point orrelation
funtion with the OPE expansion (II.9) of ΠQCD(q
2). A onstant term η0 in B˜ ontributes
to term involving the the dimension four gluon ondensate in the power expansion, so that
the D = 4 gluon ondensate reads:
〈αs
π
F 2〉 = 4αs
π3
(
2η0 − 5
6
)
c4 , (II.39)
while the other two ondensates are given by
〈O6〉 = 4
3π2
c6
〈O8〉 = − 8
15αsπ3
c8 . (II.40)
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Notie that the c parameter in the dilaton eld sets the sale for all the ondensates.
The oeient η0 in (II.39) an be xed using the ommonly used numerial value of the
ondensate [4951℄:
〈αs
π
F 2〉 ≃ 0.012 GeV4 (II.41)
together with the value of the dilaton parameter c from the spetrum of the ρ mesons [8℄:
m2ρn = 4(n+1)c
2
. For αs = 1 one obtains η0 ≃ 2.5. On the other hand, the AdS expressions
of the dimension six (II.40) and dimension eight (II.40) gluon ondensates are dierent in
size (and in sign for 〈O8〉) from their ommonly used values
〈O6〉 ≃ 0.045 GeV6
〈O8〉 ≃ 9
16
(
π
αs
)2 (
〈αs
π
F 2〉
)2
(II.42)
(adopting in the last expression the fatorization approximation). However, while the es-
timated unertainty for the dimension four ondensate is about 30%, the values of the di-
mension six and eight gluon ondensates are very unertain, so that the dierene between
(II.40) and (II.42) ould be attributed to the poor knowledge of the gluon vauum matrix
elements.
In the AdS expression of the two point orrelator (II.34), a term q2c2 involving a dimension
two ondensate appears, as also disussed in [31, 32℄ (see [7℄ in the ase of the vetor urrent).
This term is missing in the QCD short-distane expansion (in general, the existene and
the meaning of a dimension two ondensate, whih annot be expressed as the vauum
expetation value of a loal gauge invariant QCD operator, is a matter of disussion; a
reent analysis of its interpretation an be found in [53℄). However, this term ould be
removed if
η1 = −1
2
(
1
4
− γE + ln 2
)
(II.43)
and the log(z) term is inluded among the ontat terms, an admittedly ne-tuning proe-
dure.
Let us now onsider the AdS two-point orrelation funtion (II.32) in the full q2 range.
In Fig. 2.1 we plot ΠAdS(q
2) for two values of η0: η0 = 0 and η0 = 2.5, xing η1 = 0 and the
sale ν = 1 GeV. In the time-like (q2 < 0) region, a disrete set of poles appears aording
to the spetral relation (n is an integer)
m2n = (4n+ 8)c
2
(II.44)
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Figure 2.1: The two-point orrelation funtion
1
c4
ΠAdS(q
2/c2) in (II.32). The renormalization sale
is xed to ν = 1 GeV. The left panel shows the presene of poles at q2n = −(4n+8)c2, orresponding
to the spetrum of the salar glueballs [29℄. The right panel shows, enlarged, the range lose to
q2 = 0: the eet of modifying the gluon ondensate, from η0 = 0 (bottom urve) to η0 = 2.5 (top
urve) is evident.
obtained in [29℄. The residues
f 2n =
R3
k
8(n+ 1)(n+ 2)c6, (II.45)
related to the matrix elements 〈0|OS|n〉, oinide with the result obtained in [31℄. The
struture in poles in (II.32) is due to the Euler funtion ψ(2+ q
2
4c2
). It does not depend on B˜,
but it omes from the solution K˜1 in (II.20) whih an be written aording to the spetral
representation [32℄:
A˜K˜1(
q2
c2
, zˆ2) =
√
k
R3
1
c
∞∑
n=0
fn K˜n(zˆ
2)
q2 +m2n + iǫ
(II.46)
where K˜n(zˆ
2) are the normalizable modes omputed in [29℄:
K˜n(zˆ
2) = An zˆ
4
1F1
(
q2
4c2
+ 2 , 3 , zˆ2
)
. (II.47)
Nevertheless, the expression (II.46) in terms of pole masses m2n and residues f
2
n does not
dene unambiguously the general solution (II.20) whih an indeed ontain extra regular
terms in q2/c2, for example if B˜K˜2 is a polynomial as in (II.38); however, these terms an
aet the power expansion and the value of the ondensates, as disussed, e.g., in [33, 34℄.
In the spae-like region (q2 > 0) the behaviour of ΠAdS(q
2) is smooth. In the region lose
to q2 = 0, as shown in Fig. 2.1 (right panel), one nds from (II.32):
ΠAdS(0) =
R3
k
2B˜(0)c4 . (II.48)
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Calling B˜(0) = η˜0 and using (II.39) we have:
ΠAdS(0) =
αs
4π
(−β1) η˜0
η0 − 512
(
−16β1〈αs
π
F 2〉
)
, (II.49)
an expression similar to the Low Energy Theorem (II.12). For a onstant oeient funtion
η˜0 = η0, it is possible to onstrain the value of η0 imposing that (II.49) and (II.12) oinide:
η0 =
5
12
(
1
1 + αs
4π
β1
)
. (II.50)
Using this expression in (II.39), together with αs = 1 we nd:
〈as
π
F 2〉 ≃ 0.002 GeV4 , (II.51)
while for αs = 1.5 we have:
〈αs
π
F 2〉 ≃ 0.007 GeV4. (II.52)
These values are smaller but lose to (II.41) and ompatible with the result obtained study-
ing the Wilson loop [52℄ whih indiates that the solution (II.25) ould play a role in reon-
struting a bulk-to-boundary propagator whih implements the AdS/QCD duality in this
ase.
We lose this Setion observing that it is possible to investigate the role of the two so-
lutions analogous to (II.20) in the two-point orrelation funtion of the JPC = 1−− meson
operators [8, 32℄ , studying duality between the QCD and the AdS expressions of the orrela-
tion funtion. The perturbative term is reprodued: it does not depend on the parameter c.
The dimension four gluon ondensate is positive [32℄, and the eet of inluding the sublead-
ing solution with a onstant oeient funtion B˜ only onsists in modifying the dimension
two ondensate. In this ase, however, the ontribution of the dimension six ondensate in
the power expansion of ΠQCD is not reprodued in ΠAdS if B˜ is a polynomial in q
2/c2.
III. GLUON CONDENSATE FROM AN ADS/CFT ARGUMENT APPLIED TO
THE GLUEBALL SECTOR
It is interesting to onsider the dimension four gluon ondensate from another viewpoint.
From AdS/CFT orrespondene, a salar bulk eld X(x, z) is required to satisfy the UV
12
boundary ondition [54℄:
X(x, z) −−→
z→0
zd−∆
[
X0(x) +O(z
2)
]
+ z∆
[
A(x) +O(z2)
]
; (III.1)
d is the dimension of the boundary spae-time and ∆ is the onformal dimension of the
operator assoiated to the soure eld X0. A(x) an be onsidered as a physial utuation
and is argued to be related to the vauum expetation value of the orresponding CFT
operator, as obtained by Klebanov and Witten:
A(x) =
1
2∆− d 〈O(x)〉 . (III.2)
In our ase, d = ∆ = 4 and eq.(III.1) beomes:
X(x, z) −−→
z→0
[X0(x) +O(z
2)] + z4
[
A(x) +O(z2)
]
(III.3)
with
A(x) =
1
4
〈OS(x)〉 . (III.4)
Following this AdS/CFT guideline, let us see if it is possible to reover the four dimension
gluon ondensate. In our ase, in the Fourier spae, this term appears in the bulk-to-
boundary propagator (II.27), onsidering the whole ontribution proportional to z4, taking
the limit q2 → ∞ and keeping the piee independent of q2/c2. After having properly
renormalized the bulk eld X(x, z) in (II.7) by absorbing the 1/k fator, we get:
〈αs
π
F 2〉 = 4αs
π2
(
2η0 − 5
6
)
c4 . (III.5)
The expression is idential to (II.39) but for a 1/π overall fator whih ould be related to the
normalization of the A term, a shortoming deserving further investigations in order to gain
a deeper understanding of the AdS/QCD duality. Notie that, with respet to AdS/CFT,
the new aspet is the presene of the dimensionful parameter c, so that terms as c2z2, c4z4,
et., appear in the expansion (III.1).
IV. ADS/QCD DUALITY IN A DEFORMED ADS-DILATON BACKGROUND
The form of the dilaton bakground eld (II.5) is the simplest hoie allowing to fulll
the onstraints (II.4) and φ(0) = 0. Other expressions ould be used, and indeed in ref.[29℄
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we investigated the eets on the glueball spetrum of a perturbation of the dilaton eld
whih, instead of being given by eq.(II.5), involves an additional term whih does not spoil
the UV (z → 0) and IR (z → +∞) behaviour:
φ(z) = c2z2 + λcz (IV.1)
with λ a small dimensionless parameter. This new bakground eld does not sensibly modify
the Regge behaviour of the spetrum.
The equation of motion (II.18) for the bulk-to-boundary propagator, with the deformed
AdS-dilaton bakground, takes the form:
K˜ ′′
(
q2
c2
, λ, zˆ
)
+ P (λ, zˆ)K˜ ′
(
q2
c2
, λ, zˆ
)
+Q(λ, zˆ)K˜
(
q2
c2
, λ, zˆ
)
= 0 (IV.2)
where
P (λ, zˆ) = −
(
2zˆ +
3
zˆ
+ λ
)
(IV.3)
Q(λ, zˆ) = −q
2
c2
. (IV.4)
The Frobenius method allows to obtain the new bulk-to-boundary propagator:
K˜
(
q2
c2
, λ, zˆ
)
= A′K˜1
(
q2
c2
, λ, zˆ
)
+B′K˜2
(
q2
c2
, λ, zˆ
)
(IV.5)
as an expansion of the solutions in zˆ; A′ = −4a0, with a0 a real parameter, and K˜1,2 given
by:
K˜1
(
q2
c2
, λ, zˆ
)
= a−10
(
− 1
4
+ A2 zˆ +B2 zˆ
2 + C2 zˆ
3 +D2 zˆ
4 + E2 zˆ
4 ln(zˆ) +O(zˆ5, zˆ5 ln(zˆ))
)
K˜2
(
q2
c2
, λ, zˆ
)
= a0 zˆ
4
(
1 + f1 zˆ + f2 zˆ
2 + f3 zˆ
3 + f4 zˆ
4 +O(zˆ5)
)
. (IV.6)
The oeients in (IV.6) read:
A2 = 0
B2 =
1
16
q2
c2
C2 = − 1
16
q2
c2
λ (IV.7)
D2 =
7723
2520000
λ4 − 24127
403200
q2
c2
λ2 − 1079
25200
λ2
+
29
4608
q4
c4
+
65
1152
q2
c2
+
7
144
E2 =
1
64
(q4
c4
+ 4
q2
c2
(1− 2λ2)
)
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and
f1 =
4
5
λ
f2 =
1
12
(q2
c2
+ 8 + 4 λ2
)
f3 =
λ
21
(13
10
q2
c2
+ 12 + 2 λ2
)
(IV.8)
f4 =
1
384
(
q4
c4
+
q2
c2
(
20 +
92
10
λ2
)
+ 8 λ4 + 96 λ2 + 96
)
.
It is worth pointing out that the two expansions obtained by this method do not orrespond
to the expansions, respetively, of the funtions K˜1 and K˜2 in (II.24) and (II.25) when λ = 0,
but represent solutions in a dierent basis of funtions.
The AdS two-point orrelation funtion:
Π
(λ)
AdS(q
2) = −R
3
k
c4K˜
(q2
c2
, λ, zˆ
)e−zˆ2−λ zˆ
zˆ3
∂zˆK˜
(q2
c2
, λ, zˆ
)∣∣∣zˆ→+∞
zˆ→0
(IV.9)
takes the form in the large spae-like q2 limit (regularizing the zˆ → +∞ ontribution):
Π
(λ)
AdS(q
2) =
R3
k
{
− q4
[ 11
288
+
1
8
ln(c2z2)
]
− q2
[ 1
2z2
(
1− 2 c z λ
)
+
47
72
c2
(
1− 8377
16450
λ2
)
+
c2
2
ln(c2z2)
(
1− λ
2
2
)]
+c4
[
4B′ − 7
9
(
1− 1079
1225
λ2 +
7723
122500
λ4
)]}
. (IV.10)
The logarithmi term in the perturbative ontribution remains unhanged, and the parame-
ter k is still given by eq.(II.35). This is an understandable result: the dilaton does not modify
the AdS dynamis in the z → 0 (UV) regime, therefore duality with the perturbative QCD
term is not aeted by its perturbations.
On the ontrary, the other terms are modied, but the eet of perturbations on the
ondensate is quadrati in λ. The dimension four gluon ondensate is now given by
〈αs
π
F 2〉 = 4αs
π3
c4
(
4η′0 −
7
9
(
1− 1079
1225
λ2 +
7723
122500
λ4
))
. (IV.11)
The perturbations our at O(λ2), showing that the ondensate is robust against perturba-
tions of the dilaton eld of the form (IV.1).
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V. CONCLUSIONS
We have investigated duality between the QCD and the AdS desription of the two-point
orrelation funtions of the salar glueballs, nding that the QCD short-distane expansion
an be reovered in the AdS approah; however, the ondensates depend on a ondition
whih, in addition to the normalization at z → 0, xes the bulk-to-boundary propagator in
the IR. We have obtained the spetra and deay onstants of the salar glueballs. Moreover,
we have investigated how AdS an reprodue a low energy QCD theorem for the two-point
salar glueball orrelation funtion. Assuming a partiular form of the oeient funtion
B˜ whih reprodues the low-energy theorem, we have determined the dimension four gluon
ondensate, whih turns out to be positive, lose to the ommonly aepted value and om-
patible with the AdS/QCD results obtained investigating the two-point vetor orrelation
funtion and the Wilson loop.
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